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Strictly local languages

Forbidden k-factors
Alternatively: Permissible k-factors

Famous from McNaughton and Papert (1971)



Characterizations

= Language-theoretic: suffix—s?cbititution closure
axb
cxd
axd
m Logical: conjunction of negated “w is a substring” literals
= Automata-theoretic: acyclic pair-graph
m Algebraic: 777



Why algebra?

Language and Logic require thought
Automata-based methods differ wildly by class

Algebra, for subregular things, is Just Look At It



Monoids

Monoid: (M, -,1) whereu-(v-w)=W@-v) - w;l-u=u=u-1
Free monoid: Z* — words over alphabet
Syntactic monoid (from automaton)

treat letters x as functions [x]: Q —» Q
include 1 = [A] where [1](q) = q

[u] - [v] = [uv] = [v] o [u]



Recognition

Homomorphism h: {A,-) = (B,®)
where  h(u-v) = h(u) © h(v); h(ly) =1p

Recognition
thereis h: Z* - M and X C M where L = h™1(X)

“elements represent only accepted words or only rejected words”



Complementation

Swap which elements are accepting / rejecting

But the complement of “forbid ab” (SL)
is “require ab” (not SL)

k-1
bbk-lab €
abb*~'p €

bbb ¢



Valid extensions (“quotients”)

wlL ={x : wx € L}
make accepting (only) those x where wx was accepting

Lw™'={x:xwel)
make accepting (only) those x where xw was accepting

SL is closed under these operations!



Inverse images of homomorphisms

But with T' ={a,b,c}, Z ={a,b}, ¢(a) = a, $(b) = b, ¢(c) =1
L as “forbid ab” on X becomes ¢~1(L) where

k-1

——
ack-1c €
cck=lp €

acc-p ¢



Okay not monoids. Semigroups?

Semigroup: like a monoid, but 1 not required
Free semigroup: ¥ — nonempty words over alphabet

Syntactic semigroup (from automaton)
like syntactic monoid, but include 1 = [1] only if needed

Homomorphisms only require preserving concatenation



Closures

Complementation relative to £+ (still bad!)
Nonempty valid extensions (still fine!)
Inverse images of nonerasing homomorphisms

because there isn't necessarily a unit to erase into
(SL is closed under this!)



Okay not semigroups. Ordered semigroups?

Avoid closure under complementation
by adding an order: x <y meansuxv € L <uyv €L
(Pin, 1997)

Ifx<yinL theny<xinlL

This is almost what we need, BUT ...



Multiple structures: pseudovarieties

Pseudovarieties capture all objects
with a given kind of structure, given by equations
(or, for “ordered” objects, inequalities)

These are preserved by finite products too
(and taking of subalgebras and homomorphic images)

So get union (bad!) and intersection (finel)



Two operations?

Need an operation that induces
something like an order (to avoid complementation)
and that makes unions not be a direct product



Equations and their meaning

In the syntactic semigroup, [x] = [y] means
uxv e L uyvel

This is why ordered structures have [x] < y means
uxv €L <uyv el
“Having this word implies having this one”

What if we had sets?
“Having these words implies having this one”
Just like “having axb and cxd implies having axd”



The solution

Join-semigroup: (S, -, V) where
(S,-) is a semigroup,
(S, V) is a semilattice
(xVx=xand xvVy=yVxforall x,y)
x-(yvVz)=x-yVx-z (xVy)-z=x-zVy-z

Not a semiring, though that is the terminology of Polak (2001).

Free join-semigroup: Z8 — nonempty subsets of X+
A-B={a-b:a€AbeB} AVB=AUB



The syntactic join-semigroup

For T a set of states, let £L(T) be the intersection of the languages
of those states.

m Build the syntactic semigroup as usual and lift - to sets
» Say two sets A and B are equivalent if for all sets T of states,

() a e = () b7'4(D)
aeA

beB

This means for any U, the valid continuations of all UA are
the same as those of all UB. Thatis, UAV CL < UBV C L.

m Join induces an order: A < B means AV B = B as above
UAUBVCL & UBVCL



Strictly local languages

“For sufficiently long x, having axb and cxd implies having axd”
still valid if wrapped in u_v

U{ax®d, ax®b,cx®d}V C L © U{ax®b,cx®d}V

[ax®d < ax®b v cx®d]



start with a, end with ¢, forbid ca

a,b c
b,c

El=@2 2 4 4
bl=@ 2 2 4

[J=& 3 3 4 {a,c}
[ac)=(3 3 4 4)

[cal=¢4 4 4

4) |{a,ac}| |{a,b}| |{ac,c}| |{b,c}|
|




Strictly piecewise languages

Closure under subsequence (Rogers et al., 2010):
uaw EL=>uv €L

Equivalently: UfAJUA)V CL & UAV CL
[1<al

Not strictly piecewise because, e.g., {a} £ {ac}
{ca}

{a,c}

|{a,ac}| |{a,b}| |{ac,c}| |{b,c}|
| < > ]|

L} | [feq | [ 0} | [ () |




Example 2

Noh..€..h

@35@3@

€h€ Not strictly local:
. he®h & hé®e v ¢6°h

Is strictly piecewise




Summary and Prospects

» Join-semigroups (/monoids) for
“if | have this and this and...then | have this”

m < is an equality in disguise
» Strictly local: [ax“d < ax®b Vv cx®d]
» Strictly piecewise: [[1 < x]|

m There's an analogous class of functions in there.

» Multitier SL: "what stays true when 4 is allowed?"



Make the computer do it

install Haskell (GHC), then
$ cabal update && cabal install language-toolkit

$ plebby

plebby, version 1.3: https://hackage.haskell.org/package/language-toolkit

:help for help

> =a{/a} =b{/b} =c{/c}

> :isJVarietyS [ax*d<ax*b+cxxd] !<a,b,a>

False

> :isJVarietyS [ax*d<ax*b+cx*d] /\{/l<a>,|%<c>,!<c a>}
True
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